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Abstract-h this paper, we give new sufficient conditions for asymptotic stability and instability 
of nonlinear difference equations with delays in infinite-dimensional spaces x(/c + 1) = f(k,z(k), 
z(k- l), . , z(k-r)), z(k) E X, Ic = 0, 1,2,. . , where X is a Banach space. Our results are obtained 
using a general comparison condition on the right-hand side function f(k, .), which generalizes the 
stability and instability results obtained by Yang, Miminis, Naulin, and Vanegas. An application 
to the stabilizability problem of retarded control systems and illustrative examples of the obtained 
results are given. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Consider a nonlinear system of difference equations of the form 
z(k + 1) = f(k, dh)), k E z+ = (0, 1,2,. . . }, (1) 
where f(/~,z) : 8’ x X -+ X. Difference equations (1) play an important role in the qualitative 
study of dynamical systems and are used widely in various problems of the real life [l-4]. The 
investigation of the Lyapunov stability and instability for difference equation (1) is well known and 
has attracted a lot of attention from many researchers [5-lo]. A well-known result on Lyapunov 
stability for the semilinear difference equations of the form 
z(k + 1) = A+) + f(k, z(k)), z(k) E X = R”, k E Z+, (2) 
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states that the system is asymptotically stable (unstable, respectively) if the matrix A has eigen- 
values A : t/IA] < 1 (]A] > 1, respectively) and the nonlinear perturbation f(k, z) satisfies (see, 
e.g., [9,11]) the condition 
. f(kx) o 
,,$to -pj- = ’ 
or more generally (see, e.g., [12,13]) 
Ilf(kz)ll I 41417 VkER+, XER”. (3) 
However, for the general nonlinear difference equation (l), in the study of asymptotic stability 
and instability it is difficult to work with the comparison conditions on the perturbation. Agar- 
wal [1,14] studies asymptotic stability of nonlinear systems (1); Naulin and Vanegas [13] and then 
Yang and Miminis [15] established a sufficient condition on the instability of system (2) without 
delays under the comparison condition 
IIf@ x>II 2 4141P7 VkEZ+, xcRn. (4 
Bay and Phat [5] established some sufficient conditions for asymptotic stability of general sys- 
tem (1) with multiple delays. We are interested in the stability investigation ,of two questions 
related to the above results: first, when the discrete-time system is retarded, i.e., when the 
right-hand side function f(k, .) depending on the r delayed arguments, say 
f(k, .) = f(k,x(k),x(k - 1), . . . ,x(k -T)), r L 1, 
satisfies a more general comparison condition related to some invariant set of the system; and 
the second, when the system is infinite-dimensional. 
In this paper, our aim is to give new sufficient conditions for asymptotic stability and instability 
of a class of general nonlinear difference equations in a Banach space X with delays of the form 
x(k + 1) = f(k,x(k),x(k - l), . . . ,x(k -T)), ken%‘+, 
x(k)EX, ~21, (5) 
under more general comparison conditions than (3),(4). This generalization allows us to obtain 
sufficient stability and instability conditions for a large class of nonlinear difference equations 
with delays and can be applied to the stabilizability problem of retarded control systems. 
The paper is organized as follows. Section 2 presents some notations and definitions for later 
use. The sufficient conditions for the asymptotic stability are presented in Section 3. Section 4 
gives sufficient conditions for the instability. Illustrative examples are also given. The paper 
concludes in Section 5. 
2. NOTATIONS AND DEFiNITIONS 
Throughout this paper we shall use the following notations: 
l R” is an n finite-dimensional vector space; 
l (X, ]].]I) is an infinite-dimensional Banach space with the norm ]].]I; 
l Z+ = {O,l, 2,. . .}, R+ = [0, ca); 
0 v-6 = {x E x : IIXII < 6); 
l Z,, = {k E Z+, k 2 ko}. 
Consider nonlinear difference equation (5). In the sequel, we assume that 
f (k, 0,. . . ) 0) = 0, Vk E Z+; 
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i.e., the system (5) has the zero solution. Unlike the differential equation, for every initial (delay) 
condition 
x(k0) = xo,x(ko - 1) = 51,. . . ,x(ko - r) = Zr:T) 
difference system (5) always has solution at the time k given by 
ko E z+, (6) 
x(ko + 1) = f(ko,xo,xl,. . . ,G), 
Go + 2) = f&o + 1,x(1),x0,. . .,X,-I), 
x(ko + k) = f(k, + k - l,z(k - l),x(k - 2), . . . ,x(k -T)), 
where the solution x(k) is defined by the solution x(k - 1). 
DEFINITION 2.1. The zero solution of system (5) is stable if for every E > 0, ko E Z+, there 
is a number 6 > 0 such that every solution x(k) of the system with the initial condition (6): 
x(k) E Vg, for all k = ko, ko - 1,. . . , ko - r, satisfies the condition 
ll4k)II < % Vk E .&,. 
DEFINITION 2.2. The zero solution of system (5) is asymptotically stable if it is stable and 
DEFINITION 2.3. The zero solution of system (5) is unstable if it is not stable, i.e., if there are 
numbers E > 0, ko E Z+, such that for every b > 0 there is a solution x(k) with the initial 
condition (6): x(k) E Vs, k = ko, ko - 1, . . . , ko - r, there is a number K E zkO such that 
llx(K>II 2 6. 2% e zero solution is asymptotically unstable if it is not asymptotically stable. 
3. ASYMPTOTIC STABILITY CONDITIONS 
Let us consider nonlinear difference system (5), where X is a Banach space. Throughout this 
section, we assume the following comparison condition: 
3a>O, piLO, i=O,l,..., r: 
Ilf(kYo,Yl,. . . ,Yr)ll 5 QIrI. IIYillP”7 VyiEx, kE&,. 
(7) 
i=O 
LetussetP=pe+pr+...+p,. The following theorem gives sufficient conditions for the 
asymptotic stability of system (5). 
THEOREM 3.1. Assume condition (7). System (5) is asymptotically stable if one of the following 
two conditions hold: 
(i) P > 1, a > 0; 
(ii) P = 1, a E (0,l). 
PROOF. (i) Since P > 1, we show that there is a number s > 1 such that P - s > 0 and 
po+E+ s . ..++>o. 
Indeed, the polynomial function 
g(s)=pos'+plsr-l+~~*+P,-ls +Pr - s'+l 
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is continuous in s E R+ and since g(1) = P - 1 > 0, then 
for some ,8 > 0, which implies (8). Therefore, we can choose a small number b E (0,l) such that 
Consider any solution of system (5) with the initial condition (6), where ke = 0, such that 
llzkII 5 S, k = 0, -1,. . . , --T. We shall prove the following estimations: 
IlG)II I b”‘, Vk E Z+. (9) 
We prove inequality (9) by induction in k E Z +. It is obvious that (9) holds for k = 1. Assuming 
that (9) holds for the steps 1,2,. . . , k, we estimate the solution at step k + 1 as follows: 
II+ + 1111 L ~ll~(k)IIpoIl~(k - 1)ll”’ .. s ll4k - ,)llpp 
< QlbSkPo+sh-‘Pl+...+sE-Pp, 
- 
= cub” k+‘~s~(Po+plls+~~~+P,/sr-~) 
5 P1 
[ 
~y6(Po+Plls+~~~+P,/~p--s~ 1 5 (#+l, 
which proves inequality (9) for the step k + 1. From inequality (9), it follows the asymptotic 
stability of the zero solution of system (5) because of b E (0, l), sic -+ co, as k + co. 
(ii) Assume that P = 1, o E (0,l). We define for every n = 0, 1,2,. . . the set 
I, = {n(r + 1) + i : i = 1,2,. . . ,r + 1). (10) 
Note that each set I, contains T + 1 index numbers and 
z+ = 6 I,. 
n=O 
In this case, by induction, we shall prove the following estimation: 
II+)11 I: an+‘4 Vk E I,, n = 0, 1,2, . . . . (11) 
Indeed, it is obvious that (11) holds for k = 1. Estimating the solution x(k) at the step k + 1, 
if k is on the end of In,, such that k + 1 E In+r, we have 
Ilz(k + l)ll 5 Q (cP+‘~)~’ . . . (cP+‘~)~~ 
= aa n+ld < g+2(5; 
as desired. If k is inside I,, say k, k - 1,. . . , k - i E I,, and k - i - 1, k - i - 2,. . . , k - r E In-l, 
we then have 
llz(k + l)ll 5 a (~?+~6)~‘. . . (cP+~S)~~ (an6)Pi+1 . . . (cPS)~~. 
Since Q E (0, l), cP+l < a*, P = 1, we obtain 
(Iz(k + l)ll 5 cm”~ = an+16, 
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which proves (11). From estimation (11) and (Y E (0, l), it follows the asymptotic stability of the 
zero solution of system (5). The theorem is proved. 
EXAMPLE 3.1. Consider the Banach space 12 defined by 
22 = (Z1,%.. .) : &i,’ < +m, xi E R . 
i=o 
Let us consider the following system in 12: 
Xl(k + 1) = axiyk)x{(k - l)xZ(k - 2), k E Z+, 
xz(k + 1) = ;x;(k)xt(k - l)x;(k - 2), 
xs(k + 1) = $x;(k)xi(k - l)xz(k - 2), 
We can verify that the right-hand side function f (k, x, y, Z) of the system satisfies the following 
estimation: 
Therefore, 
Ilf(kx,y,z)ll I ~~~ll~llall~llPll~llY, 
which, by Theorem 3.1, shows that the zero solution is asymptotically stable if either a+P+y > 1, 
or 
o+P+y=l and 
1 
a< -, 
b 
where b = Jl + 1/22 + 1/24 + . e. + 1/22k + . . . . 
EXAMPLE 3.2. The stability result of Theorem 3.1 has a simple application to the stabilizability 
problem [9,16] of the difference retarded control system 
x(k + 1) = f (k z(k),x(k - I), 4k - 2)), kEZ+, 
where T 2 0, f (k,x, y,u) : Z+ x X x X x X, u(k) E U is a control argument. We recall that 
system (11) is stabilizable by state feedback control u(k) = Kx(k), where K : X 4 U is a linear 
bounded operator, if the system without control 
x(k+l) = f(k,x(k),x(k- l),Kx(k -2)) 
is asymptotically stable. Assume that the function f (k,x, y,u) satisfies the condition 
Ilf(kx,~,U)Il 5 4141p111~llp211~llp3, Vk E Z+, (x,y,u) E x x x x u, 
for some pl,p2, pa E Z+. Then the above control system, by Theorem 3.1, is stabilizable by state 
feedback control u(k) = Kx(k), if either pl + p2 + p3 > 1 or 
Pl+pZ+?h=l and IIKII < ;. 
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4. INSTABILITY CONDITIONS 
It is worth noting that the instability comparison condition (4) obtained in [13,15] must be 
satisfied in the whole state space X = R*. In this paper, we will show that this condition is 
satisfied only in some subset of the state space X. For this, we use the following notation of the 
invariant set. 
Let G c X, 0 E G be a convex set. G is invariant set for system (5) if for every ke E Z+, 
the solution s(k) of system (5) with the initial condition (6) starting in G : z(k) E G, k = 
kc,ko-l,... , ko - r satisfies z(k) E G for all k E Zk,, . 
Consider system (5). Let G denote an invariant set for the system (5). In this section, we 
assume the following comparison condition: 
3pi E R, i=O,l,..., r, a > 0, 3GcX: 
Ilf(k YO, ~1,. . . ,Yr)ll 2 $J lIYilP1 VY~EG, kEZ+. (12) 
i=o 
Let us set P = po +pl +. . .+p,.. The following theorem gives sufficient conditions for instability 
ofsystem(5)inthecasepi>O,foralli=O,l,...,r. 
THEOREM 4.1. Assume condition (12,), where pi 2 0, for all i = 0, 1, . . . , T. Then, 
(i) if 0 < P < 1, the system is unstable for all QI > 0; 
(ii) if P = 1, th e system is unstable for all o > 1; 
(iii) if P = cx = 1, the system is asymptotically unstable. 
PROOF. We first estimate the solution x(k) of system (5) by the arbitrary initial conditions: 
x(k) = xk E G, k = 0, -1,. . . , --T. Let us set 
lbdl = vk, k = 0, -1,. . . ,--T, 7) = min{nk : k = 0, -1, -2,. . . , -r}, 
so that we have llx(k)jI 2 77, for all k = 0, -1,. . . ,---T. Let k = 1; from (5) and (12), we have 
Z(1) = f(O, %I), X-1,. . . ,X-r) 2 CY n l12-illP” 
a=0 
T 
+--J?$ 
i=o 
> a77Po+P1+...+Pl. = p 
- a77 * 
For k = 2, by the same way and noting that G is invariant set of system (5), we have the following 
estimation: 
11$411 2 Q: fi 114-i + l)llP” 
i=o 
2 a (a77P)po 77Pl+-.+Pl. 
=0 1+po Ppo+p1+.-+pl. 77 
Continuing the process of estimation, for every step k E Z+, we obtain the inequality of the form 
11x(k) 11 1 a@@) .q’@), Vk E Z+, (13) 
where the functions P(k), A(k) are defined by the following two propositions. 
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PROPOSITION 4.1. The functions p(k), X(k) satisfy the following relations: 
P(O) = p(-1) = . . . = p(-r) = 0, 
P(k + 1) = 1 + POP(k) + PlP(k - 1) + . . . + Pd(k - r), Vk E z+, 
(14 
X(0) = X(-l) = . . . = X(-r) = 1, 
X(kf1) =poX(k)+p1X(k- 1) +...+p,X(k-r), Vk E z+. (15) 
PROOF. The proof is obvious by the method of induction in k E Z+. 
PROPOSITION 4.2. The functions /3(k), X(k), k > 1 satisfy the following estimations: 
k-l 
CP”>p(k)>kP’, VkEI,, nEZ+; 
i=o i=o 
ifPE (O,l]: Pk 5 X(k) < P”, VkEI,, nEZ+, 
(16) 
(17) 
where I, is defined by (10). 
PROOF. It is enough to prove (16),(17) on each In, n = 0, 1,2,. . . . We shall prove the right-hand 
side inequality (16) by induction on each set K,, . It is obvious that the assertion is true for the step 
k = 1. Assume the assertion holds until the step k E I,. For every k E In, using Proposition 4.1, 
equation (14), and by induction assumption, we have 
p(k + 1) = 1 + p&(k) + plP(k - 1) + . . . + ?‘rP(k - r). 
If k E I, is on the end of the set In, i.e., k E In, (k + 1) E In+l, we have 
P(k+l)>l+po(l+P+...+P”)+pl(1+P+~~.+P”)+...+p,(l+~+...+~“) 
= 1+ (po + . . . +pT)+P(po+~~~+p,)+~~~+Pn(po+..~+p,) 
= 1+ P +. . . + pn+l. 
IfkisinsideI,,sothatk,k-l,..., k-iEI,andk-i-l,k-i-2 ,..., k-rEI+i,wethen 
have 
~(k+1)~1+~o(1+P+~~~+P”)+p,(1+P+...+P”)+~~~+p~(1+P+~~~+P”) 
+pi+1 (1+ P+...+ pn--l) +... +p, (1+ P+...+ Pm-l) 
=1+(po+p1+... + pp) + P(p0 + Pl -I- * . . + P,) + . * . 
+ P”-ypo +p1 t.. ~+P,)+pn(Po+Pl+.**+Pi) 
2 1+(po+p1+... +p,)+P(Po+Pl+...+PT)+... 
+ pn-ypo +p1+.. .+p,)=1+P+P2+...+Pn, 
which proves the right-hand side inequality of (16). The left-hand side inequality of (16) is proved 
by the same arguments. 
To prove the left-hand side inequality of (17), using (15) and by induction we assume that the 
inequality holds for all steps 1,2, . . , k. For the step k + 1, we have 
X(k+l) =poX(k)+plX(k- l)+...+p,X(k-r) 
> poPk +plPk-l+. . . +p,p”-‘. 
Since P E (0, 11, we have Pk-’ 2 Pk, i = 1,2,. . . , r, and hence, 
X(k+l) 2 (po+pl+...+p,)P” = Pk+‘, 
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as desired. To prove the right-hand side inequality (17), by the same method of induction, if 
k E I, and is on the end of the set I,, so that k + 1 E &+I, we have 
X(k + 1) = p&(k) +plX(k - 1) + ... +pJ(k -r) 
IpoPn+plPrr+...+p,Pn=Pn+l. 
IfkisinsideI,,sothatk,k-l,...,k-iEI,andk-i-l,k-i-2,...,k-rEI,-1,wehave 
A(k+ 1) <p,,P” +piP” + ... +pipn +pi+J’“-’ +...+p,P”-l. 
Using P E (0,l) : Pm-i > P”, we obtain 
X(k + 1) I pcI+ + piI’+’ + . . . + pip”-i + pi+#+’ + . . . + p,.P”-’ 
= (PO +p1 f. *. +pr)P”-l = P”, 
as desired. 
We now prove Theorem 4.1 based on the proved above propositions as follows. 
(i) Let P E (0,l). I+ om the estimation (13) and the estimations (16),(17) of Proposition 4.2, 
we have two cases. 
CASE (a). If cx 2 1, we have 
17 - WI > qP”, ifrl E (O,l), and #ck) 1 17 
Pk , ifq> 1, 
for all k E I,, n = 0, 1,2, . . . . Therefore, 
llx(k)II 2 1 
&+P+...+PnvP” or 
7 
Cul+P+...+P”77Pk 
, 
which gives 
(yl/(l-P)QP”+‘/(P-l)rlP”, or 
= 
al/(l-P)QPn+l/(P-l)~Pk, 
lim /lx(k)11 2 d(‘-‘), 
as n and then k goes to infinity. Therefore, there is a number a > 0 and a large number K E Z+ 
such that llx(K)II 2 a. By Definition 2.3 of the instability, if we take e = a and 6 2 r], the zero 
solution is unstable. 
CASE (b). If a E (0, l), using estimation (13), (16), and (17) again, we then obtain 
&(k) > J+P+...+Pk-’ - 
Therefore, 
lW)II 2 
i 
al+P+...+Pk-‘rlPn or , 
al+P+...+P”+‘77Pk 
, 
= 
i 
~y~I(~-~)(y~~I(p-~)q~~ 01 7 
&(l-P)~Pk/(P-l)qPk 
, 
which, as in Case (a), proves the instability of zero solution. 
(ii) Let P = 1. In this case we will arrive at the estimation 
Ilx(k)II 2 an+%, k E In, 
which goes to infinity if CY > 1, as n, k go to infinity. The zero solution is evidently unstable. For 
Case (iii) when P = cy = 1, we obtain the estimation 
ll+)ll 1 an+% = 71, Vk E Z+, 
which also shows that the zero solution is asymptotically unstable. The theorem is proved. 
We now consider the case when there is at least a number pi 5 0. The theorem below gives 
sufficient conditions for the instability system (5) for this case. 
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THEOREM 4.2. Assume condition (121, h w ere there is at least a number pi < 0, i = 0, 1, . . . , r. 
Then the system is unstable. 
PROOF. Let pi < 0, i = 0, 1, . . , , s, pi 2 0, i = s + 1,. . . ,r, and P = p. +pl + . . . +p,. We first 
assume that P > 0. In this case, we have 
po+plf...+ps-P 
> 0. 
PO 
Let us take a solution z(lc) of system (5) starting by the initial condition (6) where x(k) E G, 
k = 0, -1,. . . , -r. Let us set 
112(0)11 = 77(Po+P1+...+P.-p)lPo, Ilz(k)II = 7, for k = -1, -2,. . . , -r, 
where 7 E (0,l). We then have 
ll41)ll 2 41mllPo . . . I14-r)IIPp 
= ,77~~Po+P’+~~~+P,--p~lPo~P,+Pl+~~~+P, 
= avPl+Pz+...+Ps 2 a 
I 
since pl +p2 + es. + p, < 0 and 71 E (0,l). Th ere ore, f the zero solution is unstable. The case 
P < 0 is obvious. The theorem is proved. 
REMARK 4.1. By Theorems 4.1 and 4.2, to verify the instability of system (5), instead of checking 
condition (12) in the whole state space X, we need to check the condition on some invariant set G 
of the system. The following examples show this feature. 
EXAMPLE 4.1. Let us consider a nonlinear system in Banach space 12 of the form 
z(k + 1) = f(k,z(k),+ - l),x(k - 2)), kc Z+, (18) 
where 
f(k,.) = (~lll~(k)llP’,~zII~(k-~)llp2,~3ll~(k-2)l(p3,0,0,...), 
and al, ~2, as > 0, pl, p2, p3 are real numbers. It is easy to see that the convex cone’G given by 
G = {(21,52,. . .) E Za : zi 2 0, i = 1,2,3; Zi = 0, vi 2 4) 
is the invariant set for system (13). We verify condition (7) depending on the given numbers ai, pi. 
For every (2, y, Z) E G, we have 
3 
IlfW,YAl12 = ~d412pi, 
i=o 
Therefore, the system (18) is unstable if one of the following three conditions hold: 
6) pl+p2+p3 <3; 
(ii) pl + p2 + p3 = 3 and ala@3 > l/Jz;i; 
(iii) there is at least a number pi < 0. 
EXAMPLE 4.2. Let H be a Hilbert space, pl,p2 E R +. Consider the following system in H: 
4k + 1) = f(k z(k), 4k - I)), k E Z+, (19) 
where 
f(k,z,y) = 
ifa=O, Y = 0, 
if Z, y # 0. 
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It is obvious that for any fixed nonzero element u E H, the convex cone 
G={Xu:X>O, UEH} 
is the invariant set for system (19). On the other hand, for every two elements z,y E G, the 
inner product (z, y) is defined by 
k7Y) = II4I*llYll~ 
Therefore, we have 
e2k 
IIf@, 2, Y)l12 = l(2112pI ,lylp (x + Y,Z + Y) 
= e2k (11412 + llyl12 + 2114lll~ll) 
l1412p1 IlYl12p2 
Therefore, 
Ilf(k,s,y)ll 2 2e”llZl1(1-2p’)‘2llyll(1-2p2)‘2 
> 2~~2~~(1-2Pl)/2~(yll(1-2P2)/2. 
- 
By Theorem 4.2, the zero solution of system (19) is unstable if pl +pz > 0. 
5. CONCLUSIONS 
Stability analysis of a class of nonlinear difference retarded- equations in infinite-dimensional 
spaces has been studied. New sufficient conditions for the asymptotic stability and instability 
with more general comparison conditions were established. An application to the stabilizability 
problem of retarded control systems and some illustrative examples are given. 
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